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Phase Determination for Colemanite, CaBsO,(OH)s. H20 
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The procedures used to calculate the signs of the structure factors for colemanite, a P21/a crystal, 
are described in some detail. The F2obs. are adjusted for vibrational motion and put on an absolute 
scale. From the corrected E~kl, the magnitudes of the normalized structure factors Ehkz are cal- 
culated, and the signs of these determined by the application of the 2:1, 2:2, and 27s formulas of 
Monograph I of Haup tman  & Karle (1953). 

Introduction 
A general procedure for phase determinat ion applicable 
to centrosymmetr ic  space groups has  a l ready been 
described ( H a u p t m a n  & Karle,  1953, hereaf ter  referred 
to as Monograph I). We here describe in detail  the  
application of these procedures to the  determinat ion of 
the  signs of the  s t ruc ture  factors for colemanite, 
a P2z/a  crystal.  The crystal  s t ructure  of colemanite 
was given in a pre l iminary  way  in 1954 (Christ, Clark 
& Evans) ,  and  is described in detail  in an accom- 
panying  paper  (Christ, Clark & Evans ,  1958). 

Adjustment of F2b~. 

The 3084 independent  observed intensities corrected 
Eobs., were fur ther  for Lorentz factor,  and polarization, ~ 

corrected for vibrat ional  motion and placed on an 
absolute scale by  a method  previously described 
(Wilson, 1949; Kar le  & H a u p t m a n ,  1953). Firs t  we 
computed 

iv 
a9 = a2(s) = ag(h, k, l) = Z, f~(h,  k, 1) , (1) 

j=l 

where s = sin 0/2, f j  is the  atomic s t ructure  factor,  and N 
is the number  of a toms in the uni t  cell. For  colemanite, 
the unit  cell consists of 4[CaBaO4(OH)a.H~O ], and 
N ---- 68. Nex t  we define 

e=e(s) = s n ~ = 2  if k = 0  or if h = l = 0  } 
e = e(s) = eh~ = 1 o therwise .  ' (2) 

The s values were a r ranged in increasing order and the 
Fobs. were tabula ted .  The s range values of s, e, as and 

was divided into 16 intervals  in each of which there 
occur 200 Fo2bs. values, except t h a t  in the  first interval  
only 84 F2ob~. values appear .  For  each of these 16 
intervals  the  following number  was computed 

* Publication authorized by the Director, U.S. Geological 
Survey. 

t There are of course only 84 a values in the first interval. 

K Zea2 (3) 
~rFob~. 

where the  sums are extended over the  200t  s (or h, k, l) 
values appear ing in the  interval .  We label each in terval  
by  the s value a t  its center so t h a t  K appears  as a 
function of s. In  this way  16 points were obtained 
and are shown in Fig. 1 as circles. Final ly,  the  smooth 
monotonical ly increasing curve K (s) was drawn among 
these points. The same procedure was carried out using 
11 intervals  with 300 s values per interval ,  and the  
corresponding points appear  as crosses in Fig. 1. The 
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Fig.  1. K curve for colemamte. 

smooth monotonical ly increasing curve drawn among 
these 11 points coincides with the K(s)  curve pre- 
viously obtained.  Finally,  by  means  of 

~ k l  = F2obs. g (S) (4) 

we obtained the  values of the  F~kz corrected for 
vibrat ional  motion and placed on an absolute scale 
which are needed to compute the E~kz in the next  
section. 
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C o m p u t a t i o n  o f  t h e  E~u t 

The  E ~  were c o m p u t e d  by  m e a n s  of equa t ion  (3.15) 
of Monograph  I, 

ELz - FL~ (5) 

F r o m  equa t ion  (1.29) of Monograph  I t he  fol lowing 
averages  for c en t ro symmet r i c  crystals  are read i ly  
found  

<E~> = l ,  (6) 

<IEI> ~ (2/~)½ = 0 .798 ,  (7) 

< ] E " -  1[> = 4/(2:~e)½ = 0 .968.  (8) 

These th ree  averages  were ac tua l ly  found  for cole- 
m a n i t e  to  be 1.00, 0.72, and  1.02, respect ively .  The  
m a j o r  po r t ion  of t he  dev ia t ions  be tween  the  theore t ica l  
and  observed  averages  could be ascr ibed to the  fact  
t h a t  t he  1056 non -obse rved  ref lect ions were a s sumed  
to be equa l  to zero. 

Fo r  car ry ing out  t he  procedure ,  two  types  of l ist ings 
were found  to be convenien t .  F i rs t  the  values  of 
h, k, l, E ' - I ,  and  [E] were a r r anged  in ' d ic t ionary '  
order,  i.e. (hlklll) precedes  (h~k21~) if 

h 1 < h~, (9) 
or if 

h~ = h~, k~ < k~, (10) 
or if 

h l = h ~ ,  k l = k ~ ,  1 l < l ~ ,  (11) 

where  all t he  indices are  non-nega t ive .  On accoun t  of 
s y m m e t r y  only  t he  h indices n e e d  t a k e  on n e g a t i v e  
values.  Fo r  such indices a separa te  l is t ing was m a d e  
and  (9) is rep laced  by  

]hi[ < [h2]. (12) 

In  t he  second t y p e  of l is t ing the re  are t en  subgroups  
and  in each such subgroup  t he  values  of h, k, l, E 2 - 1 ,  
and  IE[ are l i s ted in decreas ing order  of ]E I. I n  t h e  
first  subgroup  are all indices hO1 where  h and  1 are 
bo th  even.  Herea f t e r  such indices  will be d e n o t e d  by  
gOg (where g is t he  first  l e t t e r  of gerade) .  I n  t he  second  
subgroup  are all indices 0k0 where  k is even,  he rea f te r  
d e n o t e d  by  0g0. I n  t he  t h i r d  subgroup  are all indices  
hkl, where  h, k, 1 are all even,  bu t  in  ne i the r  of t he  first  
two  subgroups.  Such indices  will be d e n o t e d  by  ggg. 
I n  the  fou r th  subgroup  are all indices  hkl where  h is 
odd  and  k and  1 are bo th  even.  Such indices  will be 
d e n o t e d  by  ugg (where u is t he  first  l e t t e r  of ungerade)  
The  six add i t iona l  subgroups  consist  of indices of t he  
types  gug, ggu, uug, ugu, guu, uuu. 

S u m m a r y  t a b l e s  

At first, two summary tables were made. In Table 1 
t he  en t r ies  are 

~hz = ~v (_ l )h+k(E~kl_ l )  ' (13) 
k 

and  in Table  2 t he  entr ies  are 

h\l 0 1 
- - 1 5  - -  - -  

- - 1 4  ~ - - i 0  

- - 1 3  ~ 8 
- - 1 2  ~ - -  2 

- - I i  - -  - - 1 5  

- - i 0  ~ - -  2 

- -  9 ~ 4 

- - 8  ~ - - 3  

- - 7  - -  - - 3  

- -  6 - -  9 

- -  5 ~ 7 

- - 4  ~ - - 8  

- - 3  ~ - - 4  

- -  2 ~ 7 

- -  1 ~ i 0  

0 - - 2  - - 5  

I 3 2 

2 --10 7 
3 1 1 
4 7 - -  5 
5 -- 3 9 
6 -- 2 3 
7 6 -- 4 
8 I -- 7 
9 --17 6 

10 - -  4 10 
11 8 -- 9 
12 - -  I - - I I  

13 - - l l  I 

14 - - 2 0  - -  4 

Table  I. Values of .~'~ = _,~ (--1)h+~:(E~kZ--1) 
k 

2 3 4 5 6 7 

- -  1 - - 3  0 2 0 - -  

- - 7  - - 3  3 - - 5  1 - -  1 

- - 8  5 - - 7  - - 2  - - 7  - - 4  

- -  7 2 - - I 0  2 - -  4 7 

3 - - 1 5  - -  I - - I I  7 - -  2 

- -12  - -  6 I - -  6 6 - -  9 

- - 1 5  4 --  8 6 - -  6 - -  1 

- -  3 I - -  5 - -  3 - - i 0  1 

8 - -  8 4 - - 1 2  5 - -  9 

- -  5 - -  5 - -  5 - -  4 - -  1 - -  5 

- -  9 0 - - I 0  I - -  8 7 

1 -- 1 3 -- 4 -- 2 0 
4 - -  i 5 - -  6 5 - - 1 2  

- -  2 8 - -  2 0 - -  7 - -  3 

- -  4 2 - -  5 0 - - 1 3  1 

7 -- 6 7 -- 3 4 -- 4 
4 -- 5 3 -- 5 10 -- 5 

- -  7 8 --10 11 - -  5 2 

2 10 0 9 --10 2 
20 -- 8 13 -- 6 3 --11 
2 4 3 -- 8 3 -- 10 

- -  8 16 - - I 0  12 - -  9 14 

7 -- 6 4 18 5 4 
I0  - -  7 1 8  - -  1 1 4  - -  

- -  6 1 9  6 4 0 - -  

- -  6 1 2  - -  9 5 - -  - -  

8 -- 5 3 - -  - -  __ 
9 - - 2 2  - -  __ __ 

8 

8 9 10 

1 10 - -  
5 0 - -  
2 --11 1 

-- 5 1 -- 1 
--10 -- 1 -- 6 

6 - -  4 2 
5 0 4 

- - I 0  1 - -  7 
- - 3  - -  I - - 8  

2 --11 5 
- -  7 0 0 

- - 8  7 - - 3  
3 1 - - 9  
7 - - 1 4  - -  

- -  9 - - 1 2  - -  

- - 1 5  - -  1 

5 - -  - -  

8 - -  - -  
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Table 

2 ~  = ~7 ( -  1)~+~(E2~-l) • (14) 

2. Values of ~ = ~ ( - 1 ) a + ~ ( E ~ - l )  
h, l 

0 13 8 - - 7 5  
1 - - 2 5 1  9 39 
2 102 10 32 
3 - - 6 1  11 - - 7 6  
4 - - 5 3  12 63 
5 87 13 - - 6 0  
6 - - 1 1 4  14 42 
7 105 15 - - 2 8  

The s igns of the Egog 
There are 44 E00g. In  view of Case 1, Table 10 of 
Monograph I, the sign of Eh0~ where h and l are both 
even is the sign of ~__ and ma y  therefore be read 

22 
direct ly from Table 1. However,  not  all the signs 
were decisively determined.  In  order to determine these 
44 signs wi thout  question as well as to tes t  the  internal  
consistency of the method,  Case 2, Table 11 of Mono- 
graph I was appfied. The Eg0~ were arranged in de- 
creasing order of magni tude  and labelled with an 
index i ranging from 1 to 44. I t  was assumed t h a t  
the  first 15 signs were correctly obtained from Table 1. 
Then to obtain the sign of Eai0zi we computed* 

15 

~3i ~ [Enjo~/~ ( -  1 a +~ ~ = ) v . (Ea.~.zg-1)] ,  (15) 
~=~ ~ 

where the sign of X3, is the sign of Ehio~ i and the signs 
of the fifteen E~i0tj are already known, 

hl, = ½(h~+h¢), l .  = ½(l,±l¢), (16) 

k s takes on the value zero only if h u is even, the upper  
(lower) signs in (16) go together,  and j # i. The te rm 

of (15) has a l ready been tabula ted  in Table 1. 

~he  signs of the first 15 E~0~ agreed with those 
previously determined.  In  fact among all 44 of the 
E~iot i only 5 discrepancies occurred between s ummary  
Table 1 and ~3~. These were all resolved in favor of 
,~'3i. 

The s igns of the Eogo 
There are 7 Eog0. In  view of Case 1, Table 10 of Mono- 
graph I, the sign of Eo~o where k is even is the sign of 
~z and m a y  therefore be read direct ly from Table 2. 

In  this case all 7 signs were so decisively determined 
t h a t  it was not  felt necessary to re-determine them 
independent ly ,  as was done for the E~0a. 

The s igns of the Eggg 
There are 244 Eggg. These were arranged in decreasing 
order of magni tude  and labelled with the index i. 

* E q u a t i o n  (15) c o n t a i n s  o n l y  14 s u m m a n d s  w h e n  i < 15. 

Tenta t ive  signs for the first 150 of these were obta ined 
from 

30 
.~3i = .~, Eaiot~(E~..~ 1 - 1) (17) j P P / ~  ' 

1=1 

where the signs of the 30 Eni0zj (with hj and lj both  
even) have a l ready been determined,  

h. = ½(h,±h~), k. = ½k,, 1. = ½(1,±b), (18) 

and the  upper  (lower) signs in (18) go together.  In  
view of Case 6, Table 11 of Monograph I, the  sign of 
E~i~i~ i where h,, k,, l, are all even is the  sign of Z~,. 
Final  signs for all 244 Ehi~izi with h~, k~, l~ all even, 
were then  obtained by  means of 

2 ~  = 2 [E,,m~j2 ( -  l'h.+~.'E~ J t ~ ,~ , r , -1 ) ] ,  (19) 

where 

k~ = k~ } (20) 
h~, = ½(h,±h¢), l ,  = ½(l,±l¢),  

the  upper  (lower) signs in (20) go together,  and the 
En,~,~, range over several of the 150 Eaaa whose signs 
ha~cd 'a l ready been determined.  In  view of Case 5, 
Table 11 of Monograph I, the  sign of Eni~iti, where 
h,, k,, l, are even, is the  sign of ~ .  We note again 
t ha t  the  te rm ~" of (19) has already been tabu la ted  

in Table 1. Al though not  all 244 signs were decisively 
determined,  it  was felt t ha t  a sufficient number  of 
signs were obtained to render  unnecessary a fur ther  
applicat ion of (19). In  view of the space-group sym- 
met ry ,  E~z = En~z = E~,~ = E ~  for h and k both 
even. Hence the signs of some 700 Eua~ in addi t ion 
to the 244 listed E~au are available for use in the la ter  
stages of the procedure if needed. 

The signs of the Eguu 

Among the remaining En~z, all of whose phases are 
l inearly independent  modulo two, the  one having the 
largest normalized s t ructure  factor magni tude  is 
EI~,I,z for which 1E12,1,3 [ = 4.71. In  accordance with 
Step 2, p. 47, of Monograph I, the sign of E12,1,a m a y  
be arbi t rar i ly  specified. We chose E~2,a,3 = +4.71 and 
proceeded to find the signs of the remaining Eguu, 
whose phases are l inearly dependent  modulo two on 
t h a t  of E12,1,3.  Firs t  the  E~2,u,3 were arranged in 
decreasing order of magni tude  and labelled with the  
index i. Then we computed,  for each fixed i > 1, 

~3 i  = ~ ~:[E~j~jzj ~ (--l~h.+~. 'E 2 j ~ h ~ . ~ . -  1)] (21) 
j< i  h~,,l~, 

where 
h i =  12, l j = 3 ,  (22) 

k. = ½(k,±kj), (23) 

the  upper  (lower) signs in (21) and (23) go together ,  
k¢ ranges over the odd integers, and the signs of the  
Eaj~i~ j are assumed to be known. We note t ha t  the  

52* 
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term ~ of (21) is tabulated in Table 2. In view 
a~,~, 

of Case 5, Table 11 of Monograph I, the sign of Ea~t~ 
is the sign of X3~- If i = 2, j takes on only the value 1, 
but  as more and more signs become known j ranges 
over larger and larger numbers. 

Once the signs of all the E12 ' u, 3 were determined 
we proceeded to find the signs of the remaining Eauu. 
For each fixed odd k we arranged the Ea~u in decreas- 
ing order of magnitude and labelled the indices with 
the index i. For each fixed h~k~l~ of type guu we 
computed 

" <~ :~ [ E ~ / ~  ~Y" ~ 1 ~h~+k~ ~E 2 .~3~ = . .  ~, , - - ~  t ~.~.~,-1)], (24) 

where 
~ = ~ ,  (25) 

h~, = ½(hc4-h¢), (26) 

l~, = ½(l~+l¢), (27) 

the upper (lower) signs in (24), (26), and (27) go 
together, h~ is even, l¢ is odd, and the signs of the 
E ~  i are assumed to be known. Again the term ~ of 

(24) is tabulated in Table 1. In view of Case 5, Tab~  11 
of Monograph I, the sign of Eai~ir~ is the sign of Z:~. 
If i = 2, j takes on only the value 1, but as more 
and more signs become known j ranges over larger 
and larger numbers. However, it was rarely found 
necessary for j to range over more than ten values. 
In this way for each fixed odd k value the signs of the 
Eai~iti of type Eguu were found. Again most but not 
all of the signs were decisively determined. I t  was not 
felt desirable to apply any additional formulas at this 
Stage of the procedure. Again due to the space-group 
symmetry  

E ~  = -E~i~ = - E?~ = E?i~ 

if h is even and k is odd. Hence the knowledge of the 
signs of the listed Eauu implies a knowledge of the 
signs of roughly 700 additional Eauu which are avail- 
able for later use. 

The signs of the Euuu 

Among the remaining Eag~, all of whose phases are 
linearly independent modulo two of any phase ~u~, 
the one having the largest normalized structure factor 
magnitude is E95s for which IE95a[ = 3'71. In ac- 
cordance with Step 3, p. 48, of Monograph I, the sign 
of E953 may  be arbitrarily specified. We chose E95 a = 
+3.71 and proceeded to find the signs of the remaining 
Euuu, whose phases are linearly dependent modulo two 
on tha t  of E953. This was done exactly as in the pre- 
vious section except that  (21) and (24) were replaced 
by  

( a ~ , -  1)] (28) 

and 
.,~,a~ = ~ [E~A+t/.~ ( - l~h~+k~+E2 " , ~ ~ z ~ -  ~)] (29) 

~<~ ~ 

respectively in accordance with Case 5, Table 11, of 
Monograph I. 

The signs of the Egug 

Among those of the remaining E~z whose phases ~ 
are linearly independent modulo two of the pair 
~s,z,3, ~953 the one having the largest normalized 
structure factor magnitude is E~,~,0 for which 
[E~4,1,0[ = 3.61. In accordance with Step 4, p. 48, 
of Monograph I, the sign of E~,l,O may be arbitrarily 
specified. We chose El~,~,o = +3.61 and proceeded to 
find the signs of the remaining Egug, whose phases 
are linearly dependent modulo two on tha t  of E~a,~,0. 
These were obtained in exactly the same way as those 
of the E#uu. 

The signs of the Eugg 

The phases which are linearly dependent modulo two 
on the pair ~12,1,3, 09953 are of the type qugg. In ac- 
cordance with Step 5, p. 49, of Monograph I, the signs 
of all the Eugg are determined by those chosen for 
E12,1,3 and E953. For each fixed even k the E ~  with 
h odd and 1 even were arranged in decreasing order 
of magnitude and labelled with the index i. Then we 
computed, for each of some 10 or 12 values of i 

.~2i = ~ E h ~ z , E ~ k ~ ,  (30) 
where ~' ~ 

hi = h~+h , .  (31) 

Ea~z~  is of type Eguu, E~k~ is of type Euuu, and 
Ehikil i is of type Eugg. Hence the signs of the E a ~  
and the Eh, k~ had already been computed. In view 
of Step 5, p. 49, of Monograph I, the sign of Eai~iz~ 
is the sign of Z2i. Although (30) may contain several 
hundred terms, by restricting attention to those terms 
for which [Eh~z,[ and [Eh~k~,[ were large, it was found 
to be sufficient to retain only six or eight summands 
in (30). Although (30) could have been used to obtain 
the signs of all the Eugg it proved convenient to obtain 
the signs of only ten or twelve of these for each fixed 
even integer k. Then equation (24) was used to obtain 
the signs of all the remaining E~gg with the same 
middle index k. 

The signs of the Eagu 

The phases which are linearly dependent modulo two 
on the pair ~12,1,3, ~14,1,0 are of the type Eggu. In ac- 
cordance with Step 6, p. 49, of Monograph I, the 
signs of all the Eggu are determined by those chosen 
for E12,1,3 and E14,1,0. The procedure is the same as 
that  used for the Eugg except that  in the latter par t  
of the procedure equation (29) was used instead of 
equation (24). To justify the procedure for the Eg0~ 
reference should be made to Case 2, Table 11, of Mono- 
graph I rather than to Case 5. 
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The  s igns  of the Eugu 
The phases which are linearly dependent  modulo two 
on the  pair  ~953, ~14,1,0 are of the  type  Eugu. In  ac- 
cordance with Step 7, p. 49, of Monograph I, the  
signs of all the  Eugu are determined by those chosen 
for E953 and E~4,~,0. ~he  procedure is the same as t h a t  
used for the  Engg. 

The  s igns  of the Euug 
The only phases which remain are those which are 
l inearly dependent  modulo two on the triple ~a2,1,a, 
~053, ~14,L0, i.e. those of type  q~uug. Although all these 
phases could have  been determined by means of Z2 
as recommended in Step 8, p. 49, of Monograph I ,  
it  was again found convenient to use Z e to determine 
only a few of the  ~uug. Then, as in determining the  
signs of the Eggu, equat ion (29) was used to find all 
remaining signs. 

Concluding r e m a r k s  

Owing to the  large number  of da t a  relative to the 
number  of atomic paramete rs  to be determined,  the  
initial probabil i t ies associated with the sign deter- 

mining formulas were very  high and  thus  the  simple 
procedure described for colemanite proved adequate .  
In a less favorable case, it would have  been necessary 
to correlate the phase determining procedure more 
closely with the  corresponding probabilities. 

Since this s t ructure  determinat ion was carried out,  
new phase determining formulas making  use of alge- 
braic and probabi l i ty  methods  ( H a u p t m a n  & Karle,  
1957, 1958; Kar le  & H a u p t m a n ,  1957) have  been ob- 
tained.  These new procedures will u l t imate ly  supersede 
the  one described in this paper.  
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Studies of Borate Minerals (III): The Crystal Structure 
of Colemanite, CaBaO4(OH)~.H20* 

BY C. L. CHRIST, JoA~ R. CL~R~ ~ I )  H.  T. Ev~ws, JR. 

U.S. Geological Survey, Washington 25, D.C., U.S .A .  

(Received 13 February 1958) 

Colemanite, C a B 3 0 4 ( O H ) a . H 2 0  , is monoclinic, P2z/a, with a---- 8.7434-0.004, b ---- 11-2644-0-002, 
c ---- 6.1024-0.003/~, fl ---- 110 ° 7', Z = 4. Signs for 1997 of the observed reflections were calculated 
by the statistical method of Haup tman  & I~arle (1953). The Q(x, y, z) using the structure factors 
for which (sin 0)/;t __% 0-66/~-1 established the preliminary structure. This structure was refined 
by electron-density projections, least-squares analysis, and final three-dimensional electron-density 
mapping. Colemanite contains infinite chains along a, linked together laterally by ionic bonds 
through Ca++ ions to form sheets parallel to (010). The sheets, in turn, are linked together through 
a system of hydrogen bonds involving the hydroxyl groups of the chains and water molecules. 
The chain element has the composition [BaO 4 (O1=I)3] -2 and consists of a BO a triangle, a BOa(OH ) 
tetrahedron, and a BO2(OH)2 tetrahedron linked at  corners to form a ring. Considerations of the 
electrical properties of colemanite in terms of its structure indicate tha t  the hydrogen atoms are 
disordered at  room temperature and become ordered at  the transition of colemanite to a ferro- 
electric phase. A comparison of the signs calculated by the Haup tman-Kar le  method with those 
calculated from the final structure shows tha t  for the 1809 determinate signs (188 were indeter- 
minate), 9.5 % were wrong by the statistical method. Approximately one-third of the wrong signs 
were those for principal-zone reflections. 

Introduct ion 

As pa r t  of a sys temat ic  investigation of the  
crysta l  s t ructures  of borate  minerals,  the series 
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2 CaO. 3 B20 a .xH20  is being studied. In  this series x 
has the following values:  for colemanite x = 5, for 
meyerhoffer i te  x = 7, for a synthet ic  compound x = 9, 
and for inyoite x = 13. The compound for which 
x = 11 is not  known to exist. Pre l iminary  descrip- 
tions of the  crystal  s t ructures  of colemanite (Christ, 


